The electronic dispersions of the quasi-one-dimensional organic conductor TTF-TCNQ are studied by angle-resolved photoelectron spectroscopy (ARPES) with higher angular resolution and accordingly smaller step width than in previous studies. Our experimental results suggest that a refinement of the single-band 1D Hubbard model that includes finite-range interactions is needed to explain these photoemission data. To account for the effects of these finite-range interactions we employ a mobile quantum impurity scheme that describes the scattering of fractionalized particles at energies above the standard Tomonaga-Luttinger liquid limit. Our theoretical predictions agree quantitatively with the location in the (k, ω) plane of the experimentally observed ARPES structures at these higher energies. The non-perturbative microscopic mechanisms that control the spectral properties are found to simplify in terms of the exotic scattering of the charge fractionalized particles. We find that the scattering occurs in the unitary limit of (minus) infinite scattering length, which limit occurs within neutron-neutron interactions in shells of neutron stars and in the scattering of ultra-cold atoms but not in perturbative electronic condensed-matter systems. Our results provide important physical information on the exotic processes involved in the finite-range electron interactions that control the high-energy spectral properties of TTF-TCNQ. Our results also apply to a wider class of 1D and quasi-1D materials and systems that are of theoretical and potential technological interest.
The electronic dispersions of the quasi-one-dimensional organic conductor TTF-TCNQ are studied by angle-resolved photoelectron spectroscopy (ARPES) with higher angular resolution and accordingly smaller step width than in previous studies. Our experimental results suggest that a refinement of the single-band 1D Hubbard model that includes finite-range interactions is needed to explain these photoemission data. To account for the effects of these finite-range interactions we employ a mobile quantum impurity scheme that describes the scattering of fractionalized particles at energies above the standard Tomonaga-Luttinger liquid limit. Our theoretical predictions agree quantitatively with the location in the (k, ω) plane of the experimentally observed ARPES structures at these higher energies. The non-perturbative microscopic mechanisms that control the spectral properties are found to simplify in terms of the exotic scattering of the charge fractionalized particles. We find that the scattering occurs in the unitary limit of (minus) infinite scattering length, which limit occurs within neutron-neutron interactions in shells of neutron stars and in the scattering of ultra-cold atoms but not in perturbative electronic condensed-matter systems. Our results provide important physical information on the exotic processes involved in the finite-range electron interactions that control the high-energy spectral properties of TTF-TCNQ. Our results also apply to a wider class of 1D and quasi-1D materials and systems that are of theoretical and potential technological interest.
I. INTRODUCTION
The organic quasi-one-dimensional (1D) conductor tetrathiafulvalene-tetracyanoquinodimethane (TTF-TCNQ) was the first material for which angle-resolved photoemission spectroscopy (ARPES) was able to identify charge-spin separation on the energy scale of the band width 1, 2 . Its stacks of the TCNQ or TTF planar molecules are effectively doped and become conducting by charge transfer from TTF to TCNQ. The single-band 1D Hubbard model provides a preliminary description of the experimental data 2 . However, it does not explain some of the TTF-TCNQ properties consistently 3 .
In this paper we study the electronic structure of TTF-TCNQ using ARPES with higher angle resolution and accordingly smaller step width than in previous studies 1, 2 . We show that inconsistencies and unrealistic parameter choices in previous attempts to describe the experimental dispersions can be resolved by including finite-range interactions in a single-band 1D Hubbard model description of the TTF and TCNQ stacks.
We employ a mobile quantum impurity model (MQIM) [4] [5] [6] to describe the microscopic mechanisms underlying the experimental ARPES data at energies above the standard Tomonaga-Luttinger liquid (TTL) limit [7] [8] [9] [10] . Our theoretical predictions agree quantitatively with the location in the (k, ω) plane of the experimentally observed ARPES structures at such energies. The non-perturbative microscopic mechanisms that control the TTF-TCNQ spectral properties are found to simplify in terms of the exotic scattering of the charge fractionalized particles exotic scattering.
We find that the scattering occurs in the unitary limit of (minus) infinite scattering length, which limit plays an important role in the physics of several well-known systems, including the dilute neutron matter in shells of neutron stars 11 and the atomic scattering in systems of trapped cold atoms 12, 13 , but not in perturbative electronic condensed-matter systems. Our results thus provide important physical information on the exotic processes involved in the finite-range electron interactions that control the high-energy spectral properties of TTF-TCNQ. Our results also apply to a wider class of 1D and quasi-1D materials and systems that are of theoretical and potential technological interest 7 . A complication relative to the ARPES data of the 1D metallic states in simpler systems (such as the line defects of MoSe 2 14,15 and in those of Bi/InSb(001) 6 ) is that TTF-TCNQ contains two stacks of molecules. Metallicity arises through charge transfer of about 0.59 electrons per TTF to each TCNQ molecule. It follows that the electronic density of the TCNQ stack of molecules is n Q e = 0.59 and that of the TTF stack of molecules is n stack of molecules, we rely on a particle-hole symmetry. This allows us to determine the spectral function for one-electron removal at density 2 − 0.59 = 1.41 from the corresponding spectral function for one-electron addition at density 2 − 1.41 = 0.59.
The MQIM theoretical approach used in our study involves a uniquely defined transformation from 1D Hubbard model and its pseudofermion dynamical theory (PDT) 16, 17 . Such a transformation adds to that model finite-range interactions. The corresponding model accounts for the effects of the higher-order (HO) terms in the effective-range expansion 18, 19 of the fractionalized particles charge-charge phase shifts; hence we call the model MQIM-HO. The charge-spin separation in the MQIM [4] [5] [6] , implies that the part of the one-electron spectral-function spectrum associated with the spin degrees of freedom remains invariant under the transformation. Beyond the studies of Ref. 6 , useful related representations for the Hamiltonian of the lattice electronic model with finite-range interactions in a relevant one-electron subspace are used to access different aspects of the microscopic mechanisms that control the spectral properties.
For low energies, 1D correlated electronic metallic systems show universal properties captured by the Tomonaga-Luttinger liquid (TLL) description [7] [8] [9] [10] . An important low-energy property of such systems is the universal power-law scaling of the spectral intensity I(ω, T ), such that I(ω, 0) ∝ |ω| α . Here the exponent α controls the suppression of the density of states (SDS) and ω is a small excitation energy near the ground-state level. The value of the SDS exponent, α = (1 − K ρ ) 2 /(4K ρ ), is determined by that of the TLL charge parameter K ρ 7, 8, 21 . In the case of TTF-TCNQ, the exponent α is very difficult to be accessed experimentally 2 . For the metallic states of other 1D and quasi-1D electronic systems, the experimental values of α lie in the range 0.5 − 0.8 1, 7, 8, 14, [21] [22] [23] [24] [25] . For the TTF-TCNQ system, we predict that α = α C = 0.50 and α = α F = 0.74 for the TCNQ and TTF and stacks of molecules, respectively. If the interaction between the two stacks is weak, the leading contribution would then be I(ω, 0) ∝ |ω| α where α = α C = 0.50. If otherwise, the SDS exponent α will have a single value in the range ∈ [0.50, 0.74] and its expression will involve both α C and α F . Those values could not be reached within the 1D Hubbard model whose TLL charge parameter K ρ is larger than 1/2 thus requiring α to be smaller than 1/8.
Our results explain the seeming lower degree of chargespin splitting of the TTF derived part of the ARPES data, although the electronic states of the (i) TTF stacks are more strongly correlated than those of the (ii) TCNQ stacks. This is confirmed by our prediction for their TLL charge parameters (i) K ρ = K F ρ = 0.21 and (ii) K ρ = K C ρ = 0.27, respectively, and known experimental properties 2, 3, 20 . In order to achieve a preliminary description of the TCNQ experimental data within the 1D Hubbard model, a renormalization of the hopping integral t = 0.40 eV at the surface by a factor of 2 with respect to the bulk value from density-functional theory or estimates from bulk-sensitive measurements had to be assumed 2 . However, there is some evidence that the observed transfer of spectral weight at k F over the entire conduction band width with increasing temperatures cannot be reconciled within the use of t = 0.40 eV 3 . Our results confirm that these data can be consistently interpreted incorporating finite-range interactions, in addition to the onsite Coulomb energy U .
In this paper we employ units of = 1 and k B = 1. The use of units of lattice spacing a 0 = 1 is limited to Secs. IV and V. In Sec. II we provide the experimental and technical details of the high resolution ARPES measurements performed for TTF-TCNQ. The model Hamiltonian, the ξ c →ξ c transformation, and the universal properties of the potential V c (x) associated with the fractionalized particles charge-charge interactions induced by the electronic potential V e (r) for interaction distances r > 0 are the topics addressed in Sec. III. In Sec. IV several useful representations for the Hamiltonian of the lattice electronic model with finite-range interactions used in our studies and the corresponding one-electron singularities subspace are introduced and discussed. The line shape near the (k, ω)-plane singularities of the model one-electron removal and addition spectral functions is the subject of Sec. V. In Sec. VI the ARPES data are presented. In addition, we show that the parameter values of the theoretical approach for which the location in the (k, ω) plane of the experimentally observed highenergy ARPES structures agree with those deduced from the theoretical spectral-function singularities. Finally, we summarize our results and present concluding remarks in Sec. VII. Three Appendices provide useful information needed for the studies of this paper.
II. EXPERIMENTAL DETAILS
The ARPES data were recorded in our lab in Experimentelle Physik 4, University of Würzburg, with a SPECS Phoibos 100 electron spectrometer equipped with a two-dimensional charge-coupled device (CCD) detector. Photoelectrons were excited by using nonmonochromatized He I radiation from a duoplasmatron discharge lamp (SPECS UVS 300) with the operation conditions optimized for maximal flux of 21.22 eV photons (He I α ) and at the same time negligible contributions from the satellite lines at higher energies (He I β , He I γ ). The energy resolution was set to 60 meV, while the angle resolution along the analyzer slit, i.e., parallel to the 1D chains of TTF-TCNQ, amounted to < 0.2
• . Note that the energy widths of the spectral features in the ARPES spectra are not resolution-limited. The Fermi energy was calibrated to the Fermi cut-off of a freshly sputtered Ag foil.
The measurements were performed at 60 K, i.e., in the metallic phase above the charge-density wave transition at 54 K. The single crystals were grown by diffusion in pure acetonitrile and fresh, clean surfaces parallel to the (a, b) plane. They were exposed by in situ cleavage at the measuring temperature and a pressure < 3 × 10 −10 mbar. Cleavage was accomplished by knocking-off a post glued on the top of the 2 × 5 × 0.2 mm 3 TTF-TCNQ platelets with the chain axis b oriented along the long crystal dimension. Special attention was paid to collect data on short enough time scales so as not to spoil the spectra owing to photo-induced sample degradation 2 .
III. THE MODEL, THE ξc →ξc TRANSFORMATION, AND THE INDUCED MQIM-HO POTENTIAL Vc(x)
A. The model Hamiltonian and the ξc →ξc transformation
The 1D model Hamiltonian associated with the MQIM-HO for electronic density n e ∈]0, 1[ is given by 6 ,
Here t is the transfer integral,ρ j,σ = n j,σ − 1 2 ,n j,σ = c † j,σ c j,σ , V e (r) = U F e (r)/r for r > 0 where U is the interaction, and F e (r) is a continuous screening function. It is such that F e (r) ≤ 1/4. At large r it vanishes as some inverse power of r whose exponent is larger than one, lim r→∞ F e (r) = 0.
At F e (r) = 0 the interaction U is simply an onsite repulsion and the model in Eq. (1) becomes the 1D Hubbard model. The charge parameter that for the latter model is denoted here by ξ c ∈]1, √ 2[ and for the model, Eq. (1), byξ c , plays an important role in our study. It is directly related to the TLL charge parameter 7, 8 as K 0 ρ = ξ 2 c /2 and K ρ =ξ 2 c /2, respectively. For the 1D Hubbard model its dependence on u = U/4t and n e ∈]0, 1[ is defined by Eq. (A12) of Appendix A. Upon creasing u, it decreases from ξ c = √ 2 for u → 0 and reaches its smallest value ξ c = 1 in the u → ∞ limit.
Within the MQIM-HO 6 , there is a ξ c →ξ c transformation for n e ∈]0, 1[ such thatξ c ∈]1/2, 1[ ; ]1, ξ c ] is the above renormalized charge parameter of the model, Eq.
(1). This transformation maps the 1D Hubbard model onto that model, upon gently turning on F e (r). Consistently, limξ c →ξc F e (r) → 0 for r ∈ [0, ∞]. In this paper we use the followingξ c -related deviation parameter,
are the corresponding energies. As noted in Sec. I, the one-electron removal spectral function for the TTF electronic density n F e = 1.41 is accessed through the oneelectron removal spectral function at n e = 2 − n F e = 0.59. For non-commensurate electronic densities, no T = 0 broken-symmetry transition atξ c = √ 2 n e is expected 26 for the model, Eq. (1). For some long-range potentials, lattice fermions have a metallic ground state for allξ c values 27 . Independent of the nature of the ground state of the model, Eq. (1), which is determined by the unknown precise form of V e (r), we use its lowest metallic energy eigenstate as a reference "ground state". Our goal is to employ a model Hamiltonian of general form, Eq. (1), but with specific transfer integral t and interaction U values and potential V e (r) to describe the metallic oneelectron spectral properties at T = 60 K of the TTF and TCNQ stacks of molecules, respectively.
Our theoretical scheme uses a rotated-electron representation for the model Hamiltonian, Eq. (1). It is a suitable representation for the description of the separation of the degrees of freedom at all MQIM energy scales. Such rotated electrons are related to the electrons by a unitary transformation. As described in Appendices B and C, in the one-electron subspace, the fractionalization of the rotated-electron occupancy configurations leads to a representation in terms of charge and spin fractionalized particles. Within the MQIM-HO, they are called c (charge) and s (spin) particles, respectively 6 . The corresponding c and s bands include c and s holes, respectively, which also play an active role in the physics.
The suitability of the rotated-electron related c and s particles representations used in this paper is justified by the corresponding c and s band occupancy configurations generating states that in an important subspace of the one-electron subspace defined below in Sec. IV A are either exact energy eigenstates of the Hamiltonian, Eq.
(1), or states with quantum overlap primarily with one of its energy eigenstates.
B. Properties of the potential Vc(x) induced by
Ve(r) that controls the ξc →ξc transformation
The 1D charge-spin separation that occurs at all energy scales of the MQIM class of systems [4] [5] [6] , leads to an electronic potential V e (r) in Eq. (1) gives rise to an attractive potential V c (x). It is associated with fractionalized particles charge-charge interactions 6 . In the case of one-electron removal excitations, it is associated with the interaction between c particles and a c (hole) mobile scattering center at distance x. In this paper we find that for one-electron addition excitations it is rather associated with the interaction between c holes and a c (particle) mobile scattering center at distance x. Both for one-electron removal and addition excitations such an interaction is attractive and thus associated with a negative scattering length. The c mobile scattering center involved in the interactions is created by such excitations. The c particle and c hole scatterers preexisted in the ground state.
The use of the expressions for the c (charge-charge) phase shifts given in Eq. (A4) of Appendix A for both one-electron removal and addition in the corresponding effective-range expansion 6, 18, 19 provided in Eq. (A3) of that appendix, gives the negative renormalized and bare scattering lengthsã and a, respectively, Eq. (A5) of Appendix A. This confirms that their negativity applies both to one-electron removal and addition excitations and that V c (x) is attractive for both of them.
The values as given in Eq. (A5) of Appendix A, a = −∞ and a = −∞ both for one-electron removal and addition are known as the unitary limit 6, 12, 13 . The MQIM-HO is valid for that limit whose existence implies thatδ c =δ (1) c ,δ c =δ c , ξ c = 1, and thus that the relative momentum k r in the effective-range expansion, Eq. (A3) of Appendix A, obeys the inequality |k r | tan(π n e )/(4u) 6 . This excludes electronic densities very near n e = 0 and n e = 1 for all u values and excludes large u values for the remaining electronic densities.
The properties of the potential V c (x) are determined by those of the electronic potential V e (r) in Eq. (1) . For the class of lattice electronic systems with finite-range interactions to which the MQIM-HO applies 6 , the general properties of V c (x) play an important role. We discuss them briefly here. V c (x) is negative for x > x 0 , where x 0 is a non-universal distance that either vanishes or is much smaller than the lattice spacing a 0 . The scattering energy of the residual interactions of the c particles or c holes with the c mobile scattering center is smaller than the depth |V c (x 1 )| = −V c (x 1 ) of the potential V c (x) well. Here x 1 is a small non-universal potentialdependent value of x such that x 0 < x 1 < a 0 at which ∂V c (x)/∂x = 0 and −V c (x) reaches its maximum value 6 . For small distances, the potential V c (x) has a non universal form, determined by the specific small-r form of V e (r) itself. A universal property 6 is its behavior at large x, for which it vanishes as V asy c
2 µ, with µ a nonuniversal reduced mass, and l an integer determined by the large-r behavior of V e (r). The effective range of the interactions associated with V c (x) considered below converges only if l > 5 6, 28, 29 . The l dependence of the length scale 2r l is provided in Eq. (A8) of Appendix A for the intervalδ c >δ
of interest for TTF-TCNQ. It reads 5.95047 a 0 at the value l = 6 at which 2r l is twice the van der Waals length, reaches a maximum 6.48960 a 0 at l = 10, and decreases to 4.93480 a 0 as l → ∞.
Despite its non-universal form (except for large x), V c (x) obeys two universal sum rules. In the interval x ∈ [x 0 , ∞] the positive "momentum" 2µ(−V c (x)) obeys a first sum rule, Φ = 
. As justified below in Sec. IV, the second sum rule reads, The effective range of the interactions (R eff ) of the c particles and c holes with the c mobile scattering center plays an important role in the MQIM-HO physics 6, 28 .
2 ), Eq. (A10) of Appendix A. Here c 1 and c 2 only depend on the integer l > 5, as given in Eq. (A11) of that appendix. They decrease from c 1 = c 2 = 2 at l = 6 to c 1 = 1 and c 2 = 1/3 for l → ∞. The effective range R eff appears in the expressions of the spectral-function exponents given below in Sec. V A. This occurs through the charge-charge phase shift 2πΦ c,c (±2k F , q), as shown by Eq. (A2) of Appendix A. Its value R eff = ∞ forδ c =δ
is outside the range of validity of the unitary limit 6 . The intervalsδ c ∈]0,δ
c [ for which the SDS exponent is such that α < 1/8 and α > 1/8, respectively, refer to two qualitatively different physical problems. Theξ c value in the ξ c →ξ c transformation is uniquely defined for each of the two such intervals solely by the integer quantum number l > 5 in the potential V c (x) large-x expression, tan(Φ), and the initial value of ξ c = ξ c (n e , u), Eqs. (A7), (A9), and (A12) of Appendix A, respectively. Specifically 6 ,
c ,δ
where,
IV. USEFUL REPRESENTATIONS OF THE MODEL HAMILTONIAN
The universal properties of the potential V c (x) induced by V e (r) through V re (r) reported above have been introduced and used in the studies of Ref. 6 . However, the expressions of the Hamiltonian, Eq. (1), in which the Fourier transform of such potentials emerges, have neither been given nor studied in that reference. The derivation of such expressions from the Hamiltonian written in terms of rotated-electron operators provides important physical information. It is needed for the further clarification of the microscopic mechanisms that describe our high-resolution ARPES data of TTF-TCNQ.
Two other problems also require additional information on the rotated-electron representation and related fractionalized particles representations beyond that provided in Refs. 6,14,15: 1) The extension of the MQIM-HO to one-electron addition excitations and 2) accounting for the renormalization of the line shape near the corresponding one-electron spectral-function branch lines and spectral features called boundary lines considered below in Sec. V.
We address all these issues in the ensuing sections. These results involve several related c particle representations that are associated with the Fourier transform of corresponding potentials. These representations are developed from the rotated-electron representation. Due to the charge-spin separation at all energy scales of the MQIM, the s (spin) particle terms of the Hamiltonian in all such representations remain invariant under the ξ c →ξ c transformation.
The corresponding developments of the MQIM-HO require accounting for properties of the rotated-electron representation and corresponding c and s particle representations in theδ c = 0 bare limit that have not been studied elsewhere. Such properties are reported and briefly discussed in Appendix B. In the case of theδ c = 0 bare model, one can extract from the Bethe ansatz solution all quantities of its Hamiltonian expression in the c and s particle representation 17, 30 that diagonalizes it in the one-electron subspace, Eq. (B14) of Appendix B.
In that appendix we show how to derive that Hamiltonian expression from the corresponding rotated-electron expression with an infinite number of terms in the Hamiltonian terms. c [. We examine the corresponding technicalities in Appendix C. A qualitative difference between theδ c = 0 andδ c > 0 quantum problems is that their Hamiltonians in the oneelectron subspace when expressed in terms of c and s particle operators can and cannot be diagonalized, respectively.
Indeed, except in theδ c = 0 bare limit, for the model, Eq. (1), the rotated-electron occupancy configurations and corresponding c and s particle occupancy configurations that generate the states of the representations used in this paper are not in general exact energy eigenstates. Consistent with the properties of the general MQIM 4-6 , they become exact energy eigenstates when generated by processes that lead to the line shape near some types of singular spectral features: specifically, near the lowenergy TLL spectral features and in the vicinity of highenergy spin spectral features called s and s branch lines. In the case of the latter lines, this follows from conservation laws and forδ c > 0 applies to momentum intervals for which the exponent in the spectral-function expression near them is negative. Such laws are due to these lines coinciding with edges of support of the one-electron spectral function. These lines separate (k, ω)-plane regions without and with finite spectral weight.
On the other hand, in the present representation, the excited states (generated by processes that contribute to the line shape near two types of spectral features called c − s boundary lines and c, c , c , and c branch lines, respectively) have quantum overlap mainly with a single excited energy eigenstate. The latter branch lines occur in that region of the (k, ω)-plane in which there is a continuum distribution of spectral weight; this is represented by light grey regions in the sketch of Fig. 1 . For them this applies again to the k intervals in that plane for which the corresponding exponent in the spectral-function expression is negative.
The line shape of the one-electron spectral function in the vicinity of the (k, ω)-plane regions where it displays these different types of singularities is controlled by transitions to a particular class of excited states. They span a smaller subspace, contained in the one-electron subspace. Fortunately, in that singularities subspace thẽ δ c > 0 Hamiltonian, Eq. (1), can be diagonalized when expressed in terms of c and s particle operators. In the next section, we begin by introducing that subspace.
A. The one-electron singularities subspace
The singularities subspace considered here refers to one-electron removal and addition at electronic densities n e ∈]0, 1[. Indeed, as noted previously, the spectral features of the ARPES for the TTF stack of molecules with electronic density n F e = 1.41 can under a suitable and well-defined transformation be described by the spectral function for one-electron addition at density n e = 2 − n F e = 0.59. The one-electron subspace is generated from application of one-electron annihilation or creation operators onto the N e -electron ground state. On the other hand, the singularities subspace is spanned by the one-electron excited states that contribute to the line shape near the above mentioned singularities of the spectral function (k, ω)-plane. Those are identified with the ARPES structures associated with the TTF and TCNQ stacks of molecules.
The c and s particles occupy a c band and an s band whose momentum values q j and q j , respectively, are such Momentum intervals of scattering centers s hole (low-energy "spinon") that q j+1 − q j = 2π/L and q j+1 − q j = 2π/L 6 . In the thermodynamic limit, one often uses a continuum representation in terms of continuum momentum variables q and q , respectively. Their ground-state occupancies are
, respectively, where 2k F = πn e . In Sec. V we discuss the expression in terms of corresponding q and q occupancies of the physical momentum k of the one-electron excitations whose spectra are sketched in Fig. 1 .
For one-electron removal, most of the spectral function weight is generated in the thermodynamic limit by transitions from the ground state to excited states involving the following processes: 1) creation of one c hole at some c band momentum in the interval q ∈] − 2k F , 2k F [; 2) one s hole in the s band interval q ∈] − k F , k F [; plus 3) low-energy particle-hole processes in such bands. For one-electron addition, most of the spectral function weight is generated in that limit by the following processes under transitions to excited states: 1) creation of one c particle at some c band momentum in the intervals q ∈] − π, −2k F [ or q ∈]2k F , π[; 2) one s hole in the s band interval q ∈] − k F , k F [; plus 3) low-energy particle-hole processes in such bands. In the case particle-hole processes in the s band, both for one-electron removal and addition correct results are achieved under addition of a small virtual magnetic field that is made to vanish in the end of the calculations. This gives .) The soft grey region refers to the small spectral-weight distribution continuum. The darker grey regions below the one-electron removal branch lines, above the one-electron addition branch lines, and both below and above the boundary lines typically display more weight. In the actual spectral function this applies in the case of the branch lines to k intervals for which the exponents that control the line shape near them are negative.
tribute to the line shape near the singularities of spectralfunction in the (k, ω)-plane that describe the ARPES structures. Processes where both the c and s holes for one-electron removal and the c particle and the s hole for one-electron addition are created away from the c band and s band Fermi points ±2k F and ±k F , respectively, contribute to the spectral-function continuum away from such singularities. The exception refers to the processes (4-Rem) and (4-Add) defined below. They contribute to a particular type of such singularities, called boundary lines.
The s hole and (i) the c hole and (ii) the c particle created under one-electron (i) removal and (ii) addition excitations, respectively, refer to scattering centers. The corresponding scatterers are the c and s particles and c holes that preexisted in the ground state. The singularities subspace is spanned by excited states reached by transitions from the ground state within the processes defined in the following. By high energy we meant energy scales beyond the reach of the low-energy TLL. All the following processes are dressed by low-energy and small momentum particle-hole processes near the c and s bands Fermi points ±2k F and ±k F , respectively:
(i) (1-Rem) and (ii) (1-Add) -Low-energy TLL processes where (i) one c hole ("holon") and (ii) one c particle ("holon" removal), respectively, is created in the vicinity of one of the c band Fermi points at q = ±2k F +p, and one s hole ("spinon") is created near one of the s band Fermi points at q = ±k F + p . The small momenta p and p intervals are here and in the following given in Table I . There δq F c such that δq F c /2k F 1 and δq F s such that δq F s /k F 1 are very small for a large finite system and may vanish in the thermodynamic limit. Such processes contribute to the low-energy spectral weight distribution near k = ±k F and k = ±3k F . See the sketch of the spectral features in Fig. 1 for k > 0.
(i) (2-Rem) and (ii) (2-Add) -High-energy processes where one s hole is created at momentum values spanning a s band subinterval of the interval
for which the spectral function displays singularities controlled by negative k dependent exponents and (i) one c hole ("holon") and (ii) one c particle ("holon" removal), respectively, is created near one of the c band Fermi points at q = ±2k F +p. Those processes contribute to the spectral weight distribution in the vicinity of the subintervals of the (i) s and (ii) s branch lines. Their spectra run in the thermodynamic limit in the intervals
, shown in the sketch of Fig. 1 for k > 0. We call the s band hole created away from the corresponding s band Fermi points a s (hole) mobile scattering center.
(i) (3-Rem) and (ii) (3-Add) -High-energy processes where one s hole ("spinon") is created near one of the s band Fermi points at q = ±k F + p and one (i) c hole and (ii) one c particle is created at momentum values spanning a c band subinterval of the intervals (i)
, respectively, for which the spectral function displays singularities controlled by negative k dependent exponents. For (i) one-electron removal, such processes contribute to the spectral weight distribution near the corresponding subintervals of the c and c branch lines. Their spectra run in the thermodynamic limit in the intervals k ∈] − k F , k F [ and ] − 3k F , 3k F [, respectively, shown in the sketch of Fig. 1 for k > 0. For (ii) one-electron addition, they contribute to the weight distribution in the vicinity of the subintervals of the c , c (branch I), and c (branch II) branch lines. Their spectra run in the thermodynamic limit in the intervals
shown in the sketch of Fig. 1 for k > 0. We call the (i) c Momentum intervals of active scatterers s particle (electron removal and addition) hole or (ii) c particle created away from the c band Fermi points a c (hole or particle) mobile scattering center.
(i) (4-Rem) and (ii) (4-Add) -High-energy processes where (i) one c hole and (ii) one c particle is created at a c band momentum
, respectively, and one s hole is created at a s band momentum q such that v s (q ) =ṽ c (q). Here 0 < q h c < 2k F and 2k F < q c < π are such that |ṽ c (±q Table II. B. The c and s particle representation associated with the potential Vc(x)
As shown in Appendix C, for theδ c > 0 model, Eq. (1), there is a c and s particle representation whose non-diagonal Hamiltonian in the one-electron subspace involves the Fourier transformṼ With the finite-range interactions, the SDS exponent α, compressibility χ ρ , and charge stiffness D ρ read,
respectively. Hereṽ
F c is the renormalized Fermi velocity associated with the c energy dispersion given below in Sec. IV C.
The effects of the finite-range interactions upon increasingδ c enhance the SDS exponent α from
[. In contrast, as follows from Eqs. (C31) and (C35) of Appendix C, both the compressibility χ ρ and the charge stiffness D ρ tend to be suppressed by such interactions.
As noted above, the potential V c (x) can be viewed as the part ofṼ However, V c (x) and V re (r) describe different microscopic mechanisms. The former controls the renormalization by the finite-range interactions of the c particle/hole phase shifts in Eqs. (A1) and (A2) of Appendix A. It thus controls the renormalization of the corresponding quantum overlaps of the matrix elements in the oneelectron spectral function, Eq. (3). In turn, the potential V re (r) controls the renormalization of the excitation energy spectra, (E
, in the same spectral function expression provided in that equation. Their k and ω dependence near the singularities is given below in Sec. V.
Three related c particle representations that describe complementary aspects of the quantum problem microscopic mechanisms are associated with the potentials, V re (r),Ṽ The three alternative expressions for the Hamiltonians cannot be diagonalized in the one-electron subspace. This is due to their terms denoted byȞ re in Eq. (C16) of Appendix C. Fortunately, their complicated form is not needed for our studies. The emergence of such terms follows from, in contrast to theδ c = 0 bare model, the states generated by occupancy configurations of the c and s particles in general not being energy eigenstates.
The use of the choicesV 
Here :Ô : stands for the (standard) normal ordering of an operatorÔ and the k, p, q summations in the interaction termsV c,γ suitable to one-electron removal (γ = −1) and addition (γ = +1) run in different intervals given in Table III . This is consistent with the singularities subspace processes defined in Sec. IV A. The charge term :Ĥ c : in Eq. (7) describes the interaction of the c particle or c hole scatterers with the c (hole or particle) mobile scattering center. Specifically, in the expressions of its interacting termV c,γ for one-electron (i) removal (γ = −1) and (ii) addition (γ = +1), the opera-
refer to the (i) c particle and (ii) c hole scatterer, respectively. On the other hand, the operators (i)f q−k,cf † q,c and (ii)f † q,cfq−k,c correspond to the c mobile (i) hole and (ii) particle scattering center, respectively.
The spin term :Ĥ s : in Eq. (7) remains invariant under the ξ c →ξ c transformation. It equals that of the Table III is very small and may vanish in the thermodynamic limit, the same applies to the the k intervals given in that table. Hence in the expression, Eq. (7), of the Hamiltonian, Eq. (1), in the singularities subspace, the k = 0 value of V c (k) plays a major role. Combining the information provided in Eqs. (C23) and (C25) of Appendix C, one finds,
for the whole intervalδ c ∈ [0,δ
c ,δ The representation, Eq. (7), of theδ c > 0 Hamiltonian, Eq. (1), in the singularities subspace is that which explicitly displays the microscopic processes that control the renormalization of the c particle/hole phase shifts. We will define and discuss these briefly in the following. They appear in the expressions given below in Sec. V A of the k dependent exponents that control the quantum overlaps in the matrix elements of the spectral function, Eq. (3).
For one-electron removal, −2πΦ c,s (±2k F , q ) and −2πΦ c,c (±2k F , q) are the phase shifts, respectively, imposed on a c particle scatterer of c band momentum ±2k F + p at and near the c band Fermi points. Here the interval of p is given in Table II and those of the momenta q and q of the created s and c (hole) mobile scattering centers, respectively, are provided in Table I . For electron addition, the same applies to −2πΦ c,s (±2k F , q ), whereas 2πΦ c,c (±2k F , q) is the phase shift imposed on a c hole scatterer of c band momentum ±2k F +p at and near the c band Fermi points. The intervals of the momentum q of the created c (particle) mobile scattering center and of p are again given in Tables I and II, respectively. The phase shift 2πΦ c,s (±2k F , q ) has the same expression, Eq. (A1) of Appendix A, for both one-electron removal and addition. The 2πΦ c,c (±2k F
Moreover, for the c particle operators in the Hamiltonian expression, Eq. (7), the relative momentum reads k r = (q − ι2k F ) − (k + p). For a large finite system, one has according to the k and p intervals provided in Table  III that (k + p) is very small or vanishes. Indeed, p F c is very small and may vanish in the thermodynamic limit. This is why k r = (q − ι2k F ) where ι = ±. Some of the processes associated with the higher-order contributions O(k 2 ) in Eq. (8) are accounted for the dependence on k r = (q ∓ 2k F ) of the phase shift term 2πΦ C. The rotated-electron potential Vre(r) and related c and s particle representation
The expression of the Hamiltonian, Eq. (1), in the one-electron subspace that involves the Fourier transform V re (k) is given in Eq. (C9) of Appendix C in terms of c and s particle operators. It has again been derived from the expression in terms of rotated-electron operators, Eqs. (C1) and (C2) of that appendix. That specific expression explicitly displays the microscopic processes that control the renormalization of the spectra (E As discussed in Appendix C 3, the deformation of the c band energy dispersion by the finite-range interactions must preserve its energy bandwidth,W c = W c = 4t.
The compressibility in Eq. (6) is largest in theδ c = 0 limit and tends to be suppressed by the finite-range interactions. The degree of that deformation is limited by its largestδ c = 0 bare value through the inequalitỹ v 
so that,
The only property of χ c (ξ c ) in the small intervalδ c ∈ [δc − δ,δc + δ] needed for our studies is that its derivative with respect toξ c has no discontinuity. Diagonalizing the Hamiltonian, Eq. (1), in the singularities subspace is achieved by diagonalizing its terms in Eq. (C9) of Appendix C exceptĤ re under the transformation, Eq. (C10) of that appendix. One then limits the c band momentum summations to the intervals given in Table III that 
Here ε c (q) and ε s (q) areδ c = 0 bare energy dispersions 6 , W 
is derived from that of α c in Eq. (9) That the s (spin) energy dispersion,ε s (q ) = ε s (q )
Finally, combining the parameters expressions in Eqs. (8) and (9) one finds that at k = 0 the Fourier transform of the potential V c (x) is related to that of V re (r) as, V c (0) = −C ce V re (0) where
Hence
drV re (r) where C ce ≥ 1.
V. THE ONE-ELECTRON SPECTRAL FUNCTION
As noted in previous sections, in the case of the spectral structures associated with the stacks of TTF molecules, our analysis relies on the following exact symmetry relation between the one-electron removal and addition spectral functions, Eq. (3), for electronic densities n e ∈]1, 2[ andn e = 2 − n e ∈]0, 1[, respectively,
Here we used the symmetry, B γ (k, ω) = B γ (−k, ω). 
Here C cc,γ ι and C ss,γ are n e , u = U/4t, andξ c dependent constants for energy and momentum values corresponding to such small energy deviations andω cc (k)γ > 0, ω ss (k)γ > 0, and ωγ > 0 are high energies beyond the reach of the TLL. Forδ c > 0 the expressions, Eq. (16), near the branch lines apply only to k intervals for which the exponents are negative. For the c c = c, c , c , c branch lines the c mobile scattering center lifetime τ cc (k) is very large for such k intervals 6 and the singularities in Eq. (16) refer to peak structures with very small widths.
That the s s = s, s branch lines coincide with edges of the support for the spectral function ensures that near them the line shape is power-law like. This applies to k intervals for which ζ ss (k) < 0. The c c = c, c , c , c branch likes run within the weight continuum. The width of the k intervals for which the lifetime τ cc (k) in Eq. (16) is large and ζ cc (k) negative tends to decrease upon increasingδ c in the rangeδ c ∈ [δ c ,δ
). This is due to the effects of the relaxation processes induced by the finite-range interactions then becoming more pronounced. Actually, upon increasing δ c towardsδ c , such processes progressively wash out all peak structures 6 . The spectra of the s and c, c branch lines in the expressions for the γ = −1 spectral function in Eq. (16) involve the s and c dispersions in Eq. (12) . They read,
Using the relation, Eq. (15), minus the spectra of the s and c , c branch lines in the expressions for the γ = +1 spectral function at density n e = 0.59, we find the following spectra for the γ = −1 spectral function at density n F e = 2 − n e = 1.41,
The branch-line spectra, Eqs. (17) and (18), are represented in the sketch of Fig. 1 by solid lines. Their expressions in these equations are defined for the q and q intervals given in the equations.
The exponents ζ ss (k) and ζ cc (k) in Eq. (16) 
Here q and q belong to the intervals defined from those in Eqs. (17) and (18) under the replacement of ±k F and ±2k F by ±(k F − p F s ) and ±(2k F + γ p F c ), respectively. This is consistent with the intervals in Table I for processes (2-Rem), (3-Rem), (2-Add), and (3-Add).
On the other hand, within the low-energy TLL processes (1-Rem) and (1-Add), the scattering centers are created in the same very small intervals given in Table  II as the scatterers. Hence the c and s scattering centers lose their identity. Indeed, they cannot be distinguished from the TLL "holons"and "spinons" in the low-energy and small-momentum particle-hole processes. As a result, the spectral-function TLL exponents have different expressions than those in Eq. (19) 6 .
The contribution of the s particle scatterers phase shifts to the exponents expressions given in Eq. (19) has been accounted for. They do not appear explicitly in these expressions because they simplify to γ 2πΦ s,c (ιk F , q) = −γιπ/ √ 2 and −2πΦ s,s (ιk F , q ) = −ιπ/ √ 2. Here ι = ±1 for γ = ±1 and the c and s scattering centers q and q intervals, respectively, are provided in Table I . Their simplicity is due both to the global spin SU (2) symmetry and their invariance under the ξ c →ξ c transformation.
B. The one-electron spectral function near the c − s boundary lines
Another type of spectral-function singularity is located on the c − s boundary lines shown in Fig 1. The spectralfunction expressions near them are forδ c = 0 provided by the PDT 30 . They involve an exponent −1/2 that remains invariant under the ξ c →ξ c transformation. The correspondingδ c > 0 expressions are then obtained under the replacement of theδ c = 0 bare c particle energy dispersion and group velocity byε c (q), Eq. (12), and v c (q), Eq. (C11) of Appendix C, respectively.
The spectral weight distribution in the vicinity of such lines results from the processes (4-Rem) and (4-Add) defined in Sec. IV A. As given in Table I, 
The c − s boundary spectra are represented in the sketch of Fig. 1 by dotted lines.
In the vicinity of such a line the one-electron spectral function, Eq. (3), has the following behavior,
Here C 
VI. ARPES IN TTF-TCNQ A. ARPES data
In the top panel of Fig. 2 we display the raw ARPES band map along the 1D direction of TTF-TCNQ corresponding to the ΓZ high-symmetry line of the Brillouin zone. The Γ point in the zone center at zero momentum as well as the Z point at the zone boundary are indicated by solid vertical lines. The energies are referenced to the chemical potential at zero energy, marked by a horizontal solid line. In contrast to our previous photoemission data 1,2 , already in the raw data dispersive features are clearly discernible due to the better momentum resolution and finer k-grid, e.g., the V-shape like intensity distribution centered around zero momentum and a structure, shifting away from close to the chemical potential at about 0.23Å −1 towards the zone boundary. Even more details become apparent in the negative second derivative along the energy axis, clipped at zero intensity, which is plotted in the lower panel of Fig. 2 . These are indicated by solid lines and denoted by the characters s, c, c and c when associated with the theoretical branch lines and by dotted lines and denoted by c − s in the case of boundary lines. Such branch and boundary lines were introduced in Sec. IV A. They have been observed previously but with less clarity and are discussed in the following paragraphs in more detail based on our theoretical analysis.
B. Agreement between ARPES and the theory predictions
The use of the one-electron spectral function expressions provided by the MQIM-HO, Eqs. (16) and (21), allows the prediction of (i) the location in the (k, ω) plane of the experimentally observed ARPES structures at energy scales beyond the reach of the TLL and (ii) the values of the low-energy TLL SDS exponent α in Eq. (6) . Indeed, the latter only depends on the charge parameterξ c in the high-energy exponent expressions, Eq. (19) . In using our T = 0 theoretical results describe highenergy ARPES data taken at 60 K, we expect (and observe) that the corresponding predicted peak structures are slightly smeared by thermal fluctuations and coupling to phonons.
To access the two sets of parameter values suitable for the description of the spectral features related to the TTF and TCNQ stacks of molecules, two entangled criteria associated with the spectra and the matrix elements in the spectral function, Eq. (3), respectively, are used.
The first criterion refers to the overall agreement between the (k, ω)-plane spectra shape of the theoretical branch lines and c − s boundary lines and that of the ARPES maps shown in Fig. 2 . The latter criterion involves the exponents in Eq. (19) that control the quantum overlap in the spectral-function matrix elements near the branch lines and the k intervals, Eq, (20), for which boundary lines exist. It refers to the agreement between the location in the (k, ω)-plane of (i) the k intervals of both boundary-line singularities and those of the branch-line singularities for which their exponents are negative and (ii) that of the corresponding high-energy ARPES structures in Fig. 2 .
For the TTF stacks of molecules, the analysis of the problem involves the c − s boundary line running in the interval k ∈ [k c [, respectively. For simplicity, in the following we limit our analysis regarding the fulfillment of the agreement criteria to momentum values k > 0. However, similar results hold for k < 0. One finds from analysis of the experimentally observed high-energy ARPES structures in Fig. 2 associated with the TTF stacks of molecules that the c branch line exponent should be negative for the interval k ∈ [k F + δp F c , k However, that line runs within the spectral-weight continuum and thus can have finite weight above it. That spectral-function expression does not apply thought to that region.
On the other hand, in the case of the TCNQ highenergy ARPES structures in Fig. 2 , the c and s branch lines exponents should be negative for their whole in- And again the spectral function expression given in Eq. (16) for the c c = c, c branch lines refers to the region just below them. These lines run within the spectralweight continuum yet there is no imposition that there is or there is not a significant amount of weight above them. In the region above them the spectral function expression is not given by Eq. (16) .
For the (i) TTF stacks of molecules with density n For the TCNQ related spectral features, the best agreement is reached for l = 6 at the valueξ 
VII. DISCUSSION AND CONCLUDING REMARKS
In this paper we have reported new high-resolution ARPES data for TTF-TCNQ and used an extended version of the MQIM-HO 6 to describe the microscopic mechanisms behind the spectral properties of that conductor at T = 60 K. This involved the use of a model Hamiltonian of general form, Eq. (1), with transfer integral t, interaction U , and potential V e (r) specific to the TTF and TCNQ stacks of molecules, respectively, to describe their one-electron spectral properties.
The best agreement between the theory and the highresolution ARPES data was obtained for the spectral features related to (i) TTF and (ii) TCNQ stacks of molecules for (i) u = U/4t = 0.80 with t = 0.29 eV and U = 0.928 eV and for (ii) u = 1.225 with t = 0.24 eV and U = 1.176 eV, respectively. Despite the smaller u = U/4t, U , and effective range R eff values, we found the TTF stacks of molecules to be more correlated then those of TCNQ, in as far as their smaller charge parameter valueξ However, at l = 7 for which the agreement with the experimental data is poorer for TCNQ, with the values of its other parameters remain nearly the same except that of the effective range, which drops to R C eff = 12.8 a 0 = 49.0Å. In any case, the results reveal that a first-neighbor interaction V is not sufficient to describe the physics of TTF-TCNQ. Indeed, R eff > 6 a 0 for both its stacks of molecules with R eff also applying to the related rotated-electron interactions.
A necessary condition for the occurrence of a lowtemperature 4k F charge-density wave (CDW) is that ξ c < 1 and K ρ < 1/2 21, 26 . That for the TTF stacks of molecules the charge parametersξ c and K ρ are quite smaller than for those of TCNQ is consistent with its 4k F CDW phase observed at temperatures T < 49 K 31 . However,ξ c < 1 is not a sufficient condition for a 4k F CDW 26 . Indeed, lattice fermions have for some forms of long-range potentials a metallic ground state for the wholeξ c < 1 range 27 . In addition to the requirement that ξ c < 1, the occurrence of a 4k F CDW depends on the specific form of the electronic potential V e (r). The lack of a low-T 4k F CDW phase for the TCNQ stacks of molecules then reveals that, besides the different parameters values reported above, the type of r dependence of the electronic potentials V e (r) of the two stacks of molecules is different.
Charge-spin separation at high-energy scales beyond the TLL is associated with the emergence of independent c, c , c (charge) branch lines and the s (spin) branch line, respectively, represented by solid lines in the lower panel of Fig. 2 . Their singularities are controlled by momentum, interaction, and density dependent negative exponents. They are generated by creation of independent charge and spin fractionalized particles, respectively, that move with different group velocities. On the other hand, the c − s boundary lines represented by dotted lines in that figure panel whose singularities are controlled by a classical exponent −1/2 are generated by creation of one charge and one spin fractionalized particle that propagate with the same velocity. This can thus be understood as charge-spin recombination. Hence in different regions of the (k, ω) plane both spectral features of different type emerge that can be associated with charge-spin separation and charge-spin recombination, respectively. In this paper two Hamiltonians of the same form, Eq. (1), but different parameter values and potentials have been used to describe the related TTF and TCNQ stacks of molecules high-energy spectral features, respectively. Indeed, it is expected that the effects of possible interaction terms coupling both problems can be neglected in the (k, ω)-plane regions where such spectral features do not overlap. The only exception is thus the TCNQ related c − s boundary line that runs in Fig. 2 specific to TTF and TCNQ, respectively, were accessed via the dependence onξ c of the exponents, Eq. (19) . Consistent with this result, the corresponding related TTF and TCNQ high-energy branch lines run in different regions of the (k, ω) plane. However, in the low-energy TLL limit where such exponents are not valid, the corresponding branch lines overlap near k ≈ k F . An open question is the effect in that limit of the interaction terms on the low-energy suppression of the photoelectron intensity, I(ω, 0). If such interaction terms remain weak at low energy, then I(ω, 0) = C C |ω| α C + C F |ω| α F where α C ≈ 0.50 and α F ≈ 0.74 are the "TCNQ" and "TTF" SDS exponents, respectively, and C C and C F are constants. As noted in Sec. I, in this case the leading contribution would be I(ω, 0) ∝ |ω| α where α = α C ≈ 0.50. If otherwise, α will have a single value in the range ∈ [0.50, 0.74] and its expression of α will involve both α C and α F .
Another interesting issue is the apparent less pronounced effect of the charge-spin separation in the stacks of TTF molecules. To address this issue, one should take into account that at density n F e = 1.41 > 1 the microscopic mechanisms that control the spectral properties are similar to those of the one-electron addition spectral function at density n e = 2 − n F e = 0.59 < 1. For the latter quantum problem, the charge-spin separation persists within the model, Eq. (1). However, as discussed below, it acquires a different form. That the exponent ζ ss (k) in Eq. (19) is positive and negative in Figs. 3 and 4 for the TTF and TCNQ related s s = s and s s = s branch lines, respectively, explains why only the latter exhibits with ARPES peak structures associated with spin degrees of freedom.
Nonetheless, at higher energy values ω > 0 not shown in the sketch of Fig. 1 , there is an inverted upper-band s branch line. At its lowest energy point at k = π/a 0 − k F , that line has for u > 0 an energy gap relative to the c branch line highest energy point at that k value. This is an important line, since in the u → 0 limit the whole k > 0 one-electron spectrum stems from the s branch line for k ∈ [0, k F ] and ω < 0, c branch line for k ∈ [k F , π/a 0 − k F ] and ω > 0, and that inverted upper-band s branch line for k ∈ [π/a 0 −k F , π/a 0 ] and ω > 0. Indeed, its energy gap at k = π/a 0 − k F vanishes as u → 0.
Using the relation, Eq. (15), that line gives rise to a related TTF s branch line whose exponents are negative Finally, an interesting issue is that the effects of the finite-range interactions have lowered the TCNQ transfer integral t = 0.40 eV within the 1D Hubbard model description 2 to t = 0.24 eV. There is some evidence that the observed transfer of spectral weight at k F over the entire conduction band width with increasing temperatures cannot be reconciled within the use of t = 0.40 eV whereas it can be reconciled with a value of t = 0.24 eV 3 . In summary, our quantitative results confirm that the interplay of one dimensionality and finite-range interactions plays a major role in the one-electron spectral properties of TTF-TCNQ. They define the specific microscopic processes that determine the (k, ω)-plane location of the corresponding ARPES structures.
respectively. Here γ = −1 and γ = +1 for one-electron removal and addition, respectively, which is an extension of the results of Ref. 6 to one-electron addition. The effective-range expansion obeyed by the phase shiftΦ c (k r ) = γ 2πΦ c,c (±2k F , ±2k F + k r ) where k r = q ∓ 2k F is the small relative momentum reads 6, 18, 19, 28, 29 ,
(A3) For theδ c = 0 bare model it is merely given by cot(Φ c (k r )) = −1 a kr . Hereã and a are the renormalized and bare scattering lengths, respectively, and R eff is the effective range. The shape parameter P eff and those of higher order and the corresponding effects of P c (k r ) in Eq. (A2) are in the the present unitary limit negligible 6 . To determine the scattering lengths, one uses the phase shift lim kr→0Φc (k r ) in the expansion, Eq. (A3), in the thermodynamic limit. This is straightforwardly extended to one-electron addition γ = +1 as,
The use of this expression (which also applies atδ c = 0 withΦ c (k r ) = −2πΦ c,c reading Φ c (k r ) = −2πΦ c,c ) in the two above effective-range expansions gives the scattering lengths in the thermodynamic limit as,
so that the unitary limit 6,12,13 holds for both one-electron removal and addition, γ = ∓1. The ratio,
is though finite. The potential V c (x) induced by V e (r) vanishes for large x as 6 ,
Here µ is a non-universal reduced mass, l > 5 is an integer determined by the large-r behavior of V e (r), and 2r l is a length scale whose l dependence for the rangeδ c >δ
(1) c of interest for the present problem is 6 ,
Here a 0 is the lattice spacing and Γ(z) is the Γ function.
In the interval x ∈ [x 0 , ∞] where V c (x) < 0, the "momentum" 2µ(−V c (x)) obeys the sum rule 6 , Φ = 
where
and c 2 = 3 (l + 1)
The parameter ξ c = ξ c (n e , u) in the ξ c →ξ c transformation is defined by the following relation and equation, 
Here the kernel K(r) is given by,
For n e ∈]0, 1[ and u 1 the limiting behavior of ξ c is,
Appendix B: Rotated-electron representation and related c and s representations Some of the results presented in this appendix forδ c = 0 have not been presented elsewhere and are needed for the relatedδ c > 0 results provided in Appendix C.
The general rotated-electron representation
The rotated electron operators,
whereñ j = σñ j,σ are generated from those of the electrons by the unitary operatorÛ = eŜ. It is uniquely defined in Ref. 30 in terms of the 4 L × 4 L matrix elements between all theδ c = 0 bare model energy eigenstates. An important property is that rotated-electron single and double occupancy are good quantum numbers for the whole u > 0 range. For electrons this only applies in the u → ∞ limit and thus u −1 → 0 limit in which rotated electrons adiabatically become electrons.
The bare model HamiltonianĤ H , Eq. (1) forδ c = 0, has in the rotated-electron operators representation an infinite number of terms given by the Baker-CampbellHausdorff formula,
gives the change in the number of rotatedelectron doubly occupied sites and,
have the same expression in terms of rotated-electron operators as the full HamiltoninanĤ H = tT +V H in terms of electron operators. The form of the commutators,
is behind all higher terms in δĤ H , Eq. (B2), having a kinetic nature. Indeed, the expression ofŜ =S in the unitary operatorÛ = eŜ only involves the three d = 0, ±1 rotated kinetic operatorsT d , Eqs. (B3) and (B4).
General fractionalized particles representation from rotated-electron degrees of freedom separation
The rotated-electron operators, Eq. (B1), naturally factorize as follows upon acting onto the full Hilbert space 30 ,c
The kinetic operatorsT 0 andT ±1 , Eq. (B3), and the interactionṼ H in Eq. (B2) can then be written as, Hence the Hamiltonian, Eq. (B2), can be expressed as,
3. c and s particles representation that diagonalizes theδc = 0 model in the one-electron subspace By use of c particle operators labelled by momentum,
Here v F c = v c (2k F ) and v F s = v s (k F ) where v c (q) = ∂ε c (q)∂q and v s (q ) = ∂ε s (q )∂q , respectively, and,
The k and p summations in :Ĥ H c : and σ c,ι (k) run in the intervals given in Table III and the k and p summations in :Ĥ H s : and σ s,ι (k) run in the following intervals,
4. A useful c and s particle non-diagonal representation in the one-electron subspace
There exists a uniquely defined transformation,
that leads to a representation for which the c particles have interactions associated with an effective potential V 
Here ε 
where β 
In the low-energy limit, the term :Ĥ H c : of the nondiagonal Hamiltonian, Eq. (B18), is equivalent to the charge TLL model, 
and α
The parameter α 
The charge TLL described by the Hamiltonian term :Ĥ H c :, Eq. (B23), is such that within the notation used in the second expression given in Eq. (7) of Ref.
32 the equality g 4ρ = g 2ρ holds and g 4ρ corresponds to V in Eq. (C2) can be expressed solely in terms of the c particle operators, Eq. (B7) of Appendix B, as,
The Hamiltonian, Eq. (C1), can then be rewritten as,
The charge-only termĤ 0 c and δĤ * are here given by,
Under the operator transformation, Eq. (B11) of Appendix B, the termĤ 0 c in Eq. (C5) reads,
where V e (k) is the Fourier transform of V e (r).
In the one-electron subspace, the normal-ordered expression of the Hamiltonian, Eq. (C4), is given by, 
In the present case of theδ c > 0 model Hamiltonian, Eq. (1), the electronic potential V e (r) leads to some renormalization of the terms in the expansion of δĤ in Eq. (C1). Under it V e (r) is replaced by a renormalized rotated-electron potential V re (r). All the higher kinetic operator terms in δĤ are renormalized by the finite-range potential V e (r). Hence its renormalization by such kinetic operators that leads to V re (r) is a weaker higherorder effect.
For simplicity, we provide here the rotated kinetic operator terms in the expression of the Hamiltonian term [H,S ] of δĤ in Eq. (C1). It involves the three d = 0, ±1 operatorsT d and four additional kinetic operators renormalized by the potential V e (r) that are given by the commutators,
They explicitly read,
Higher kinetic operator terms in the expression of δĤ in Eq. (C1) also only involve the operatorsT 0,j,ι and T ±1,j,ι , Eq. (B4) of Appendix B, and the operator n j = σñ j,σ = σc † j,σc j,σ at sites with different relative positions.
Accounting for the higher-order terms in the Hamiltonian term : δĤ * : in Eqs. 
HereĤ re has a complicated expression not needed for our studies and V re (k) is the Fourier transform of V re (r). At k = 0 it is given by Eq. (9), as justified below in Sec. C 3. The termĤ re in Eq. (C9) prevents diagonalizing the Hamiltonian :Ĥ : when acting onto the oneelectron subspace. This results from states generated by occupancy configurations of the fractionalized particles emerging from the rotated electrons not being in general energy eigenstates of theδ c > 0 Hamiltonian, Eq. (1).
In the singularities subspace such occupancy configurations generate states that are energy eigenstates or have quantum overlap mainly with one energy eigenstate. The effects ofĤ re can then be neglected and :Ĥ : in Eq. (C9) is diagonalized under a uniquely-defined transformation, f † q,c →f † q,c and f q,c →f q,c .
2. c and s representations for the Fourier transforms of three related potentials
The three c particle representations associated with the potentials V re (r),Ṽ 
For small k they are thus given by,
The general notation used in Eqs. (C13) and (C14) for the three c particle representations is such that, 
Here k and p run in the intervals given in Table III 
Here the k, p, q summations inV c,γ run in intervals provided in Table III andV(k) is given in Eq. (C23). (C33) The physics behind this inequality is associated with properties of the potentials V e (r) and V re (r), such that V e (r) ∝ U and V re (r) ∝ U . That inequality is directly controlled by the u → 0 c particle density of states at the Fermi level, D c ( F ) = L/[2π t sin 
